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Abstract

We use the counterterms subtraction method to calculate various thermodynamical quantities for
charged rotating black holes in five-dimensional minimal gauged supergravity @] Specifically, we analyze
certain issues related to the first law and Smarr’s relation in the presence of a conformal anomaly.
Among the bulk quantities calculated are the on-shell action, total mass, and angular momenta of the
solution. All these quantities are consistent with previous calculations made using other methods. For the
boundary theory, we calculate the renormalized stress tensor, conformal anomaly, and Casimir energy.
Using the Papadimitriou-Skenderis analysis ﬂj], we show that the mass calculated via the counterterms
method satisfies the first law of black hole thermodynamics. To discuss extended thermodynamics, we
extend the definition of the thermodynamic volume to cases with conformal anomalies using a procedure
similar to that of Papadimitriou-Skenderis. We show that this volume correctly accounts for extra terms
due to boundary metric variation. This shows that the mass and volume calculated using counterterms
satisfy Smarr’s relation as well as the first law.
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Contents
1 Introductio 2
2 The 5D Charged Rotating AdS Solutio 5
3 Thermodvnamics: Background Metho 6
4 9
9
4.2  Mass and Angular Momenta Calculationd . . . . . . . . .« o 11

*Corresponding author; hassan.elsayed@Quconn.edu


http://arxiv.org/abs/2209.09031v4

5.1 CET Stress Tensor and Conformal Anomalyl . . . . . . . . . .. . ... ... ... ...... 15

b5 CasimirBuersd 17

6.1 The First Law in the Presence of a Conformal Anomalyl . . . . . .. .. ... ... ..... 19
6.2 _Extended Thermodynamics and Volume Calculation . . . . .. ... .. ... ........ 21
6.3  The First Law in Extended Thermodynamics . . . . . . . . . . . o o o v v v v vt v oo 22
7 Conclusio 23

1 Introduction

The discovery of the anti-de sitter/conformal field theory (AdS/CFT) correspondence E] invoked lots of
interest in asymptotically AdS solutions in general relativity. This duality reveals how various gravitational
solutions in the AdS side encode important information about a specific gauge field theory on the boundary
in their semi-classical gravitational action. A strong interest in studying black hole solutions in AdSs
spacetimes then followed after studying a specific example of this duality, namely, the equivalence between
string theory on AdSs x S° and four-dimensional A" = 4, Super Yang-Mills (SYM) theory on the boundary.
This duality and other similar ones allow one to map certain five-dimensional AdS solutions to certain states
in the boundary field theory. Furthermore, it shows that bulk boundary quantities work as sources to CF'T
quantities, e.g., the boundary metric works as a source for the boundary energy-momentum tensor. In this
duality as well as in a FEuclidean path-integral formalism we have certain boundary conditions which fix
bulk boundary quantities. For example, AdS black hole thermodynamics with its possible phase transitions
b

The AdS/CFT correspondence relates a strong-coupling regime in the boundary with a weak-coupling

are investigated for a fixed boundary metric as is discussed in
regime in the bulk. The bulk partition function can be approximated [6] using saddle points leading to

Zgrav >~ exp(—1), (1)

where [ is the on-shell gravitational action. However, in AdS spacetimes, the action as a volume
integral diverges as we take the radial coordinate r to infinity. There are two main techniques often used to
regulate this action: the background subtraction method (for example, seeﬂ] and references therein) and
the counterterms subtraction method [8]. Background subtraction works by defining a reference background

spacetime, then calculating the finite action as the difference between the action of the spacetime and that



of the background metric. Since both metrics have the same diverging asymptotic region, this subtraction
method leaves a finite action. But a disadvantage of this technique is that the choice of a proper background
reference is not always obvious or clear [9, [10, |8]. In addition, sometimes certain quantities which are
common between the spacetime and its background (such as the conformal anomaly and vacuum energy)
cancel out in this procedure [11].

The counterterms subtraction method [9, 10, |8] works by adding certain covariant boundary coun-
terterms to the action which cancel action divergences exactly. These counterterms are thus inherent to
the spacetime boundary and there is no need for a background or a reference spacetime. Moreover, the
employment of the counterterms subtraction technique allows one to compare some important quantities
between the bulk and the boundary. For instance, the trace of the Brown-York quasilocal stress tensor [12]
resulting from the action of the counterterms technique is related to the conformal anomaly on the bound-
ary. Another example is the total energy/mass found using the counterterms technique, which includes
a non-vanishing contribution as the mass parameter m is sent to zero. In the context of the AdS/CFT
correspondence, this contribution which is the spacetime background energy is interpreted as the Casimir
energy of the boundary CFT. These two phenomena appear particularly in odd-dimensional bulk theories,
or even-dimensional boundary field theories. For example, see [10,11] and references therein.

The counterterms method was criticized in [7] where the authors argued that the first law of black hole

thermodynamics,

dM =TdS + Y QdJ; + 2dQ, (2)

is not satisfied through this procedure. Several authors have presented resolutions to this apparent
violation [13, 16, 2]. Here we are particularly interested in the resolution presented in [2], which we briefly
explain below.

It is well known that quantum corrections can break classical conformal symmetries in even-dimensional
field theories leading to conformal anomalies. The conformal or Weyl transformation on the boundary is
a subset of the bulk diffeomorphisms. This diffeomorphism is a Penrose-Brown-Hennaux (PBH) trans-
formation [14, 15]. In the case of a non-vanishing conformal anomaly, a PBH transformation will not
leave the gravitational on-shell action invariant. The action has a relation to other quantities through the
Gibbs-Duhem given by

I:ﬁM—TS—ZQiJi—CI>Q. (3)
i



Now by varying this equation, one is expected to get variations of all terms, but instead, we get

5T = BSM. (4)

In other words, this variation affects only the mass, but not the other quantities in the first law, since
entropy, electric charge @, and angular momenta J, and Jp can be expressed in terms of integrals over the
horizon [2]. In §4.2] we show that the counterterms mass is the sum of two terms, the first is localized in
the black hole region (depends on the mass parameter and electric charge) while the second term is the
background energy of the spacetime which is not restricted to the black hole region. The flux of the latter
term depends on the boundary metric. An important boundary condition for the variation problem [2] is
to keep the boundary metric fixed by utilizing a PBH or boundary Weyl transformation. Therefore, one
can use a Weyl transformation to cancel the boundary metric variation of the mass term in the first law.
As a result, the first law is satisfied. To summarize, the first law is not violated by the counterterms mass,
but one should be careful about how to compute variations of bulk quantities since those must be done at
a fixed boundary metric as the AdS/CFT requires.

In this work, we use the counterterms subtraction method to calculate the renormalized on-shell action
for the general rotating charged AdS solution presented in [1] as well as its mass and angular momenta.
We show that these quantities satisfy the first law and the Gibbs-Duhem relation. Going to extended
thermodynamics [16, [17] where we allow the cosmological constant to vary and act as a pressure, a naive
calculation of the first law shows that it is not satisfied. We show that a similar issue exists with the
volume defined in extended thermodynamics [16, [17]. Meaning that varying this quantity does not leave
the boundary metric fixed and one needs to use a compensating PBH term to keep the volume fixed. This
modification is important to satisfy the first law as well as the generalized Smarr’s formula in counterterms
context with a conformal anomaly.

The rest of the paper is organized as follows: in §2] we present the black hole solution and its ther-
modynamic quantities as in [1]. In §3 we show that these quantities satisfy the standard thermodynamic
relations: the first law (2) and the Gibbs-Duhem relation. In § we use the counterterms subtraction
method to calculate finite expressions for the action, mass, and angular momenta of the solution. In §5l we
calculate the renormalized stress tensor and conformal anomaly of the CFT from the dual gravitational
theory and compare those results to the field theory calculations on rotating Einstein Universe. Also, we
calculate the Casimir energy of the CFT and compare it to the background energy of the bulk theory which
was calculated using the counterterms subtraction method. In §6] we show that the quantities calculated

using counterterms subtraction satisfy the first law in regular and extended thermodynamics. We study the



effect of a Weyl transformation on the boundary and use this to show that the mass calculated using the
counterterms method satisfies the first law of thermodynamics. Furthermore, we check that our expressions
for action and mass satisfy the Gibbs-Duhem relation. Finally, we discuss the effect of boundary variations
on Smarr’s formula and propose a new modification to the thermodynamic volume in the presence of a
conformal anomaly. This new volume satisfies the first law in extended phase-space as well as Smarr’s

formula.

2 The 5D Charged Rotating AdS Solution

The Einstein-Hilbert-Chern-Simons Lagrangian in five-dimensions has the following form |1/

1 1
Ez(R2—|—12g2)*]l—§*F/\F+—F/\F/\A. (5)

3v3
The first term on the right-hand side is the gravitational Einstein-Hilbert Lagrangian in AdSs, the
second is the Maxwell Lagrangian and the third is the Chern-Simons Lagrangian in five dimensions. The
latter is required in five-dimensional gauged supergravity |18].
In this letter we are interested in studying the general non-extremal rotating black holes in minimal

five-dimensional gauged supergravity |1] which has the following metric:

—_—

Apl(1 + ¢*r?)p2dt + 2qu]dt 2 Agdt 2 p2dr? p2de?
252 — _ Dol +9Ilp2+QV] n ql;w+i4 odt _ ) LA
EaZop P p Ar Ag

SaSh

+—= sin’ 0 d¢? + — cos? 6 dy?,
Ea =2
where

d d

v =bsin® 0 de + acos® 0 dy, w:asin29:¢+b00529?w, (7)
Za =b

2 L a2 (r2 4+ B2V (1 + o212 2 4 94b
A = @)+ ) 2+g7")+q+aq_2m, ()
r

Ag=1—a?g?cos®0 —b%g?sin?0, p® =12+ a®cos® 0 + b*sin? 0, (9)

Eo=1-d%¢%, Zy=1-0b"g% (10)

f=2mp* — ¢* + 2abqg®p”. (11)

The constant g = 1/¢, where ¢ is the AdS radius, is not to be confused with the determinant of the
metric.

The coordinate system in (@) is (¢, 7,0, ¢,1). The ranges of the last three coordinates is such that they



cover a three-sphere. The range for 6 is between 0 and 7 /2, while that for ¢ and v is between 0 and 27.

The electromagnetic four-potential is given in [1] by

4= V34 (Aedt - w) . (12)

P2 EaZp

And the electric charge is given by

V3mq

45,5,

Q=

(13)

In four spatial dimensions, the black hole has two possible rotation axes. The corresponding angular

velocities are denoted €2, (in the ¢-direction) and €, (in the ¢-direction). They are given in [1] by

a(rl +b%) (1+¢*r3) + bq 0 — b(ri+a?) (14 ¢*3) +aq

= T L) (T 1) +abg T (2 ) (R4 8) +abg

(14)

Evidently, the metric in (@) has axial symmetries in ¢ and . The Killing vectors associated with these

symmetries are J, and dy. The angular momenta were subsequently calculated in [1] using the Komar

integral,
a =~ T,_ d ) = 7L d ) 1
) R CORIEE ) JRICH (15)
yielding
2 b(1+a?g? 2b 14 b*g?
Ja:w[am+4cizﬁ+ag)]’ Jb:ﬂ'[ m+4q:;£+ g)] (16)
225 =B

Note that the integrals in ([I5]) directly lead to finite results and do not need regularization.

3 Thermodynamics: Background Method

In this section we review the thermodynamics of the spacetime under consideration using background-

subtraction calculations. For this solution, the temperature and entropy are given by

p AR 2 1] (@
2rry [(a2 4+ r2) (b +72) + abg]
2 [(ri + a2) (ri + b2) + abq]

S = pa— . 18
25,501 ( )




The total energy /mass was calculated in [1] by integration of the first law (2). This mass is given byH

YL (22, + 255 — E,53) + 2mabg?q (Eq + =) 19
°- 4G=2E2 ' (19)
a

It is worth noting that this expression for the mass matches the one that was found using the ADM
calculation in |19, l6].

Using the above mass, it is straightforward to check the validity of the first law

dMy = TdS + QudJ, + NdJ, + $dQ. (20)

The electric potential is found from

¢ = gaAa|r%oo - éaAa|r%r+
V3qri

= 21
@+ 7) (7 + %) + aba’ 2
which is in agreement with [20].
To check the first law, one needs to verify the following equation
0My oS oQ 0J, 0Jp
——da=T—da+ d—da+ do + Qp——d 22
da da ot da ot * da ot a0 Y (22)

for the parameters, a = ry,q, a, b, since the mass is a function of these variables. Direct evaluation of
these expressions shows that the first law is verified.

Gibbs Free Energy and Action Calculation

Since the integral of (B) is divergent as r — oo, the background subtraction method instructs us to
start by taking a cut-off at a large value R. We then specify a background metric by taking m — 0,¢g — 0
in (6l), which gives the Kerr-AdSs spacetime. We compute the integral of this action at the cut-off value
R, then subtract it from our previous calculation with the original metric to cancel the divergences. The

action using the background subtraction method was given in [19] by

L= -2 = (@ (@ 02) (B +17)) - ¢r” (23)

_—
—

T 4E.E, (@ +7r2) (b2 +1r2) +abq|
It is straightforward to verify that
Iy = BGo, (24)

*The mass was denoted in [1] by M but we will use here the notation My to distinguish this mass from that which we will
derive using the counterterms method in §4.2



where the Gibbs free energy is given byH

Go(T, QU Uy, @) = My — T'S — QuJy — Uy — BQ. (25)

This is the Gibbs-Duhem relation, one of the few important thermodynamic relations used to check

the consistency of black hole thermodynamics. To check that Go = Go(T, Qq, Qp, ®), one might vary Gy

to obtain
dGy = =SdT — J,dQq — JpdQp — QdP, (26)
where
3G> < 0G >
ar = _S’ = _Ja’
<5T Qa,Qp,® )70,
0G > <8G>
- = _Jb7 ey = _Q- (27)
(896 T,3,Q o T,Q0a,82

Notice that the above quantum-statistical relation which we call the Gibbs-Duhem relation is going to
be the same for the background and counterterms methods apart from a modification in mass and action
calculations. As we have mentioned in the Introduction, in the counterterms method, this relation plays
an important role to prove the validity of the first law.

A Generalized Smarr’s Formula

For asymptotically AdS spaces, in order to construct a generalized Smarr’s formula, one must allow

the cosmological constant to vary, leading to the following form of Smarr’s formula [21]

3

M0:§

(TS + Qo + UJy) + BQ — PV, (28)

where the cosmological constant plays the role of a pressure with some thermodynamic volume as a
conjugate variable |16, [17], or

B A_3g2
87 Ax’

(29)

"We use the subscript “0” to refer to the Gibbs free energy calculated from My to distinguish it from that calculated from
the counterterms mass.



And Vj is the “thermodynamic volume” Vj conjugate to P. Following the prescription in [21], we find

OMy

-
OP ) $.0.0uty

7.(.2

2 2
= o= [(ri +a?) (r + %) + gabq + % (ady +bJp) , (30)

Sa=b

in accordance with [20]. With some algebraic manipulations, it is straightforward to show that the above

Smarr’s formula (28] is satisfied.

4 Thermodynamics: Counterterms Method

As mentioned in the introduction the need to use the counterterms method is to obtain a finite on-shell
gravitational action. This method gives a non-ambiguous procedure to regularise the action in a manner
independent of any other spacetime (i.e. a background spacetime). This allows us to make some important
connections between the bulk gravity and the dual CFT in four dimensions. As we will see in the coming
sections, this method enables us to calculate quantities such as the vacuum expectation value (vev) of the
stress-tensor, the conformal anomaly, as well as the Casimir energy of the boundary field theory. Our aim
is to calculate the gravitational finite action first, then use it to calculate the vev of the field theory stress
tensor through calculating the quasilocal stress tensor, or the Brown-York stress-tensor |[12] (BY) (using
eq. (B8). For details see for example[10, [11]). The BY tensor is also used to calculate conserved quantities

such as the mass and angular momenta.

4.1 Action Calculation

The action of the Lagrangian presented in eq.(H]) is composed of the following terms
Inon—ren - IEH + IGH + [EM (31)

Calculating the electromagnetic partH, one finds

—7f qzri
Ipnm = , 32
B 0202, | (2 1 a2) (72 + b?) + abg (32)

tSee also, [22]



While the Einstein-Hilbert action calculation leads to

2,4 2.2 (2 | 12 2,2 (12 1 12 4 2.2
TG4 wg°r (a® + b wg°rs (a® +b° +r
Ten =8 |2+ H(H ) _ +(HH :) (33)
4=,Zp 4=, 4=,Zp
r—+00
And the Gibbons-Hawking action calculation produces
I ﬁ[ ng?rt  15mr? (2, + Zp + 3/4) N 7 (a*g? — 8a®b*g? — 9a® + btg? — 9% + 24m)]
GH — - == pr— p—
Zalp 24=,2 24=,2 00
(34)

Summing the previous three expressions we get the following divergent action

Inon—ren :IEH + IGH + IEM

2 4 2(.2 4 12 C1Ea2.2  ER2,2
:[_377597“ 4 g2 (wg (a —|—b)+7r( 15a°g~ — 15b°g 18))]

45,5, 42,5, 2455,

+ finite terms. (35)

r—-+00

Now let us calculate the counterterms and verify that they cancel these divergences. The expression

for these counterterms is given in [§] by

1 n—1 V4 V& n
Ii=— [ d"zvh WRO— " R2) 4
YT 87 o M{ ‘ +2(71—2)7”2<n—4><n—2>2(RbR 4<n—1>73>+ } (36)

where R4, and R are the Ricci tensor and Ricci scalar of the boundary metric, respectively, and we

recall that £ = 1/g. These counterterms were calculated in D = n + 1 dimensions [10, |8]. The extra terms

denoted by “...” are needed in higher dimensions. Evaluation of the counterterms in (36]) yields
3rg?rt  3mr? (a®g? + b%g* + 2
Iop =P 7:9: + ( gﬁ = g ) -+ finite terms. (37)
4245 8ZaZp
r—-+00

The final expression for the Euclidean action from the counterterms subtraction method is found by

adding the term in (37) to the divergent action in (B5l), which gives the regulated action

T
Lren :Wg:b [EZ + Eg + 72,5 + 2492 (m — a2b292 — QQT?F(T%r + a2 + 62))]
==
38
7B g*r? (38)
42,5y | (11 +a?) (r2 +b?) +abg |

This action reduces to that of the Reissner-Nordstrém black hole in |18] in the limit a,b — 0. We can

10



also re-express the gravitational part of the action as

mB [m—g*(r} +a?)(r} +b?)]

45,5

Kerr-AdS
g = gMEeTAdSs o

ren bl

where

T (92,95, + (Ba — Ep)?]
MKerr—Ad85 — [ a 39
BG 9692242, (39)

is the background energy of the Kerr-AdSs black hole [2]. Our result takes the exact same form as the
one calculated by Papadimitriou and Skenderis |2] for a non-charged rotating black hole.

The difference here of course is that the charge does make an appearance in the 5 term. Nevertheless,
it is interesting that the gravitational action maintains the same expression in terms of 5. This also
automatically shows that our result reduces to that in [2] since, in the absence of an electric charge, the

temperature takes the same form as that in [2], and the electromagnetic action vanishes.

4.2 Mass and Angular Momenta Calculations

The calculation of conserved charges is based on the Brown-York quasilocal charge definition [12]. The

Brown-York quasilocal stress tensor is given by

w =2 L

V/Ih| Ohay

|
= L K% — p K 4 g(n — 1)h“b —
81G

gab

i —9)) (40)

where hgp, Kgp, and Gy, are the metric, extrinsic curvature, and Einstein tensors on the induced boundary,
respectively. Notice that D = n + 1 is the spacetime dimensions. A charge associated with a Killing vector

K is defined by

QK] = / ABa/ou T K°. (41)
SS
Here u, = —NV,t, while N is the lapse function and o is the spacelike metric that appear in the
ADM-like decomposition of the metric
ds? = —=Ndt? 4 o4 (dz® + Ndt)(dz® + Nde). (42)

In the above expression N is the shift vector. The Killing vector associated with the mass is the

11



timelike Killing vector x = 0;. Plugging this in (4I]) initially yields a slightly complicated expression for

the mass. To simplify the long calculation let us write the mass as the sum of four terms:

M = Mnrl + Mnr2 + Mctl + Mct2- (43)

The first two terms are divergent; they result from the original non-regularized components of the
Brown-York quasilocal stress tensor. The last two terms are those arising from the counterterms action.

The first of those four terms is given by

m™m [—392 (a2 + b2) + a?g’Sy + b2¢°2, — 25,5, + 6]
8GE2E2
N mq [ang (—3g2 (a2 + b2) +a?¢g’=E, + 6) +ab®¢*E, + 2angEaEb]
8G=2E2
T [26*02¢°EaZp + 29772 (a? 4 b)2aZp + 297r12,5)
8G=2

a

Mnrl =

- , (44)
b

where we have reinstated the gravitational constant G (originally a factor in the denominator of the

Brown-York quasilocal stress tensor) for future need. The second term is given by

—T

Mo :%GT [a4 — g2 + 3r? (592 (a2 + bZ) + 6) + 8a26292 +9a® — 6492 + 9b° —1—24927“4 —24m|. (45)
SaSp

The first part of the counterterms contribution is

M1 124° (anQEb + a2 + b2 — 2) (angq + m) + = <Eb( —a*g* + a?¢?

_ 7T [
329°G=2=2
(116%¢* + 18¢%r% + 9) + 24abg*q — blg* + 96% (2g* 7% + g*) + 3(8¢™*r* + 4¢*r?
— 1)) + 126%¢* (abg*q + m) )} (46)

And lastly, the second contribution from the counterterms gives

3r [a2g4 (b2 + 7”2) + g*r? (6292 — 2) — 1]

Mo = — . 47
ot2 16g2GZ,5,, (47)

The addition of all these terms gives the mass via the counterterms subtraction method,
A = T (280 + 25, — Ba5y) + 2mabg’q (Ba + 5p) | 7 [9ZaEp + (B0 — Zp)°] (48)

4GE2E? * 96Gg2Eq=

The first term on the RHS is just the black hole mass calculated in [1] by integrating the first law. The

second term is the background energy of the spacetime: it is the value that the total energy reduces to

12



in the absence of the black hole (when m = 0, ¢ = 0). We note that this background energy is the same
as that in the Kerr-AdSs black hole solution [23]. In §5.21 we will show that this is exactly equal to the
Casimir energy of the dual CFT on the boundary. Furthermore, when the two rotation parameters are
set to zero, this vacuum energy in (GIl) reduces to the background energy of the pure non-rotating AdSs

spacetime given in [10] by

3
M = . 49
BGl 0 ~ 32¢2G (49)
The full expression for the mass calculated via the counterterms method can now be written as
M = My + Mgg, (50)
with
T [9Z,Ep + (Ea — Ep)?
Mpg = (922 + (Ea — 2] (51)

96Gg2=,Z),
The final quantities to calculate using the counterterms method are the angular momenta. To get J,
(respectively Jp,) we plug in (1)) the Killing vector 0y (respectively 0y). The angular momentum in the

¢-direction is given by

d6dedy

g, = / sin® 6 cos 6 [am + b (a’g%q + 3¢Za) ]
5’3

=20
27T._a._b

. [2am + qb (1 + a292)]
B 4=2%, ' (52)

And we find a similar result for Jp,

s [Qbm +qa (1 + b2g2)]
o = == :

SIS

These results are equal to the angular momentum calculated in [1] using the Komar integral.
There are some intriguing features of this solution worth discussing, some of which are indeed unique.
Before we discuss these features let us take some limits to check the above mass/total energy expression.

By setting ¢ = 0 and a = b = 0, we reduce this solution to the Schwarzschild mass,

_ 3mm
|q:0,a:b:0 -

This means that the parameter m has the usual interpretation of a “mass parameter”. Yet there seems

to be an unusual aspect of this solution: when this parameter vanishes, the black hole’s mass does not

13



vanish not only because of the background energy but also due to contributions from the electric charge, q.

B mabg?q(ZEq + Zp)

m=0 222

M

+ MBg. (54)

Indeed, the charge contributes to the total mass of the solution! We do not know any other solution
that shares this property with the solution presented here. For instance, we find the mass of a static
charged black hole in five-dimensional anti-de Sitter spacetime and the neutral Kerr-AdS solutions have
no charge contributions in their mass expressions. Therefore, the physical significance of the expression
in (@8) when m vanishes seems a bit puzzling. However, one can show that there are no horizons, or real
values for ry, if m = 0 while ¢ # 0. In other words, the case m = 0,q # 0 has a naked singularity.

Another puzzling feature appears in the angular momenta expression in equations (52)), and (53]).
The angular momenta carry some dependence on the electric charge. This feature has no analog in four
dimensions. While the mass is non-vanishing if m goes to zero, there are also non-vanishing angular
momenta J, and Jp. Furthermore, if we keep m # 0 and set a = 0 we still have a non-null value for J,!
The same thing happens if we m # 0 and b = 0: we still have a non-null value for J,! Of course, this does

not happen in the Kerr-AdSs solution where the angular momenta are given |2] by

Tam wbm
Jo = Pr=Trr Jp = 5= (55)
252 255,

One is then left to wonder if these new features can produce some interesting phenomena for these black

holes.

5 Holographic Stress Tensor and Anomaly

One of the predictions of the AdS/CFT correspondence is that the conformal anomaly calculated from the
conformal field theory on the boundary should exactly match the trace of the gravitational stress tensor
(BY tensor) [10, [11], where the identification G~ <+ 2N2g?/x is to be made. Another prediction is the
matching of the dual field theory Casimir energy with the background energy obtained as we set m = 0
and ¢ = 0 in the mass expression. In this section we will aim to verify these predictions as well as calculate

the vev of the renormalized CFT stress tensor predicted by the duality.
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5.1 CFT Stress Tensor and Conformal Anomaly

It is important to notice here that the metric in eq.(6l) is asymptotically AdS with a conformal boundary

(with R x S3 topology). The induced metric at the boundary is given by

2a,sin” 0 2bcos? 6 de? sin? # cos? 6
dsBoundary = 9777 | —dt” + ———dtd¢ + ————dtdy + + —de? + ——dy?|, (56

which is nothing but the rotating Einstein Universe. The CFT or the boundary metric is found by

removing the divergent conformal factor g?r? from the above metric [11]

2a sin? 6 2b cos? 6 do? sin2 6 cos? 6
dsho = —dt? + ———dtdp + ————dtd dg¢? dy?. 57
SBG + Ea ¢ + Eb 1/} + 92A9(9) + gQEa ¢ + 25 1/} ( )

The bulk stress tensor is related to the expectation value of the renormalized CFT stress tensor (Ty)

[11] by

V= Yap (T%) = Jim V—h hg, T (58)

Therefore, we expect the trace of the gravitational tensor to be related to the CFT’s stress tensor
through the following factor
lim /h/y = g*rt. (59)

r—+00
Evaluation of the trace of ({0) gives
(a2 — 62) [392 (a2 — b2) cos* @ — 2cos? 6 (a292 —2v%g% + 1) —b?g% + 1]

Ta=- 8mrgGrt ' (60)

Multiplying this by the conformal factor g*r? yields

g (a2 — b2) [392 (a2 — b2) cos* ) — 2cos? 6 (a292 — 262 + 1) —b?g% + 1}
887G '
This result matches that found in [23] for the Kerr-AdSs solution. This is expected since the difference

gAriT, = — (61)

between the Kerr-AdSs; metric and that in (@) is a term proportional to the charge parameter ¢, which
vanishes at the boundary.

We now look at the expectation value of the stress tensor of the dual CF'T. The details that we followed
in calculating and renormalizing this tensor are outlined in Chapter 6 of ref. [24]. Following the notation

in ref. [23], the renormalized stress tensor is given by
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T 1 1 s s
(T =5 3 (ool + 1)), (62)

where the summation is over the possible fields of the theory, with s = 0, %, 1 standing for scalar, Weyl
spinor, and U(1) gauge fields, respectively. If we calculate the expectation value over a vacuum state then
Hc(é) will vanish since it is the vacuum expectation value of the stress tensor in flat spacetime.
Furthermore, one can choose a regularization scheme in which the o coefficients vanish. For more
details on this, the reader can refer to ref. [25]. The values of the remaining $° coefficients are given [25]

by

1
288072

1 1
N, Bi=—__ N3 g'=
0= gV P

_ 1 N1
2880m2" "’

8= (63)

where N is the number of fields of spin i. These numbers are [11] N = 6N?, N2 = 4N? and N! = N2,
The tensor Héz) is given in [24] by

3 1 [¢
Hc(zb) = ER27ab -R dRcadb7 (64)

where v, is the CF'T metric tensor and Rgped, Rap and R are the Riemann tensor, Ricci tensor, and
Ricci scalar of the CF'T, respectively.

We list below the non-vanishing components of the CFT stress tensor:

. 495N 2 g
(Ty) =— m [(92 (a2 + b2) + 92(a2 — b2) cos(20) — 2) (92(a2 - b2)(20 cos(260) (92 (a2 + b2) - 2)
+7¢%(a® — b*) cos(40)) — 24¢* (a® + b*) + gt (5(14 + 14a®b? + 5b*) + 24)],
8oy 495N? g* 2(.2 42 2/2 42 202 12
(Tho) = 97672 (P (1% — @) cos? 0 — P2g7 1) [g (a® = b%) (3g (a® — b%) cos(40) + 4 cos(20) (9” (a” + b°)

— 2)) + 847 (a2 —|—b2) +g4( — 7a* + 6a*b* — 7b4) —8},

2.2 (2
(T :%2;;9 [92 (a® — b?) (7g2(a2 — b?) cos(46) — 4 cos(20)(g* (3a® — 5b%) + 2)) + 8% (a® + b%)
+ g* (50" — 18752 + 5b%) - 8],

. 495N 2 g? cos? 0
T =
Tov) =576:7z,

+g* (pat — 180202 + 5b%) — 8} . (65)

{92 (a2 - b2) <792 (a2 - b2) cos(40) + 4 cos(26) (92 (5a2 - 3b2) - 2)) + 842 (a2 + b2)

It is important to state here that the above CF'T stress tensor matches the one predicted by the duality,

which is calculated using Brown-York tensor and the above relation in eq. (G8]). Indeed, this is one of the
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important non-perturbative silent checks of this duality. As a result, evaluating the trace of this stress

tensor yields the expected conformal anomaly

. a? —b?) N2g% [3g% (a® — b?) cos? @ — 2cos? 0 (a®g® — 2b%¢% +1) — b%g% + 1
(e - L BDN 39 0= ) o 2 v

This identification is exact upon remembering that, in the AdS/CFT correspondence, 2N2g3 /7 is
translated to G—! at the gravity side and vice versa. We have therefore shown that the CFT stress tensor
— which is calculated from the counterterm-regulated action at the gravity side — is exactly equal to the
CFT boundary stress tensor calculated at the field theory side. This also implies an equality between the

conformal anomalies on both sides.

5.2 Casimir Energy

Another consequence of the matching of the above two stress tensors — the one predicted by gravity and
that calculated on the field theory side — is the matching between the vacuum energies, (51)) on the gravity
side and the Casimir energy Fcasimir on the field theory side. The Casimir energy is found using the

formula ([11])

ECasimir = Z N*® /3 de\/E Xa< A(fb>ub' (67)
5=0,2,1 o
Here the summation is again over the possible fields of the theory. x® and u® are the timelike Killing

vector and unit normal vector, and o, is the foliation metric of the conformal boundary. The conformal

foliation metric is found using

Oab = 92702 (gab + uaub) , (68)

whose determinant is given by

(a2 cos2 0 + b2 sin%6 + rz) sin? 6 cos? 0
7= 6r2A, = = ’ (69)
g reag=e=p

Direct evaluation of the integral in (7)) followed by some simplifications gives

N?g [9Z4Ep + (Z0 — 5p)?]

70
485, (70)

ECasimir =

Making the identification m/(2Gg¢3) <+ N2, it is easy to see that the Casimir energy in (Z0) is identical
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to the background energy of the bulk spacetime in (&1,

ECasimir = MBG- (71)

6 The First Law and the Counterterms Method

As was discussed in [2], introducing surface counterterms to regulate the on-shell gravitational action in
five dimensions induces an anomalous Weyl transformation on the boundaryH This is how the bulk encodes
the boundary Weyl anomaly. Let us denote the radial spacelike boundary at infinity by OM. It was found

[2] that a Weyl factor o changes the renormalized action by

i / d"zv/—hAbo, (72)
oM

in the presence of a conformal anomaly A.

Now, we have seen that in order to verify the first law, we need to vary various quantities, such as
the entropy, angular momenta, and charge with respect to r1, ¢, a and b (see for example eq. (22])). But
since the boundary metric is expressed in terms of a and b, variation of these parameters will change the
boundary metric that should remain fixed. We will see (eq. (82])) that variations of a and b have the effect
of a Weyl transformation on the boundary metric. The entropy, angular momenta, and electric charge are
expressed as surface integrals of fluxes whose sources are localized in the black hole region. In that sense,
they can be written as integrals over the horizon [2]. Thus they will not be affected by variations of the
boundary metric. This is not the case for the mass. As we saw in eq. (@8], the total mass is the sum of a
term that depends on the mass parameter (M) plus the background energy (Mpg). The latter is certainly
affected by conformal transformations of the boundary. Another quantity that is affected by the boundary
conformal transformation is the renormalized action, which contains contributions from surface integrals
on the boundary.

The main idea is to subtract from the LHS of the first law the variation of the mass that results from
varying the boundary metric. If we denote this mass variation by d,M, the correct form of the first law

[2] is thus given by
dM = 6, M + TdS + Q.dJ, + UdJy, + 2dQ. (73)

Note that the variations of the renormalized action I, and mass are not independent since (see eq. ([76)

$Notice that this happens when the rotation parameters are different.
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below)

Lien =B(M =TS — QuJy — Uy — 2Q), (74)

SO

5UIren = 560M- (75)

We argue here that, by a similar analysis, the volume term (see eq. (B0])) needs to be modified due to
extra terms arising from boundary variation when the AdS radius 1/g is varied as well.

In conclusion, we expect the action and mass calculated from the counterterms method to verify the
quantum statistical relation, the first law, and Smarr’s formula. But in order to show the latter two,
we must account for extra terms which result from a Weyl transformation of the boundary when certain

parameters are varied

6.1 The First Law in the Presence of a Conformal Anomaly

We begin by noting that the counterterms action (B8]) and mass (48] satisfy the so-called quantum statistical

relation

Iren = ﬂG(T, Qlenq))- (76)

We will adopt the same procedure that was done in [2]. The first step is to transform the boundary

metric into a more canonical asymptotic form. To do so we use the coordinates 7 and 6 defined by

_ = A@ Aé 2, 2, A 1

=T 1+4g2f2+169f (1+““+“b_2A9>+O<76>]’ (77)
gy AYAL L (1A AL & L2 A 1
9_9+16977 (1 AG)AG 324576 (1 AG)A9(1+_a+ub+3A9)+O<T8>. (78)

The functions Ay, =, and = are given by

(11>

Ap=1—1Ny, Ey=1-E, Zp=1-5. (79)

The conformal boundary metric in terms of the new coordinates is

24 sin? § % cos? 1 sin?f °0
dshe = —dt® + T2 L dtde + o L dtdy + ——df® + S d? + o dy. (80)
=, = 9°Ag g“Zq 9°=b
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‘We now consider the variation of this metric under infinitesimal variations of a and b. We switch to a

new coordinate system (¢, 7,0, ¢',1') given by

~ 0= =
tan® 6 = (1—|— HQ—H—b

Za =b

) tan?@’, ¢ = ¢ — ¢*tda, =1 — g*téb. (81)

In terms of these coordinates, the resulting variation of the metric in (80) is given [2] by

— —

0= -
b cos? 9) ds%. (82)

—
—

) _
ds%o — (1— —%sin? 0 —

—
—

Za =
We use the value of the conformal anomaly that we calculated in (66)) to find the variation of the action

resulting from the Weyl factor in (82)):

S lren = / d*zv/—hAdo (83)
0,8)x.5°
145} 0 Zp
- g4 20, 4
969°G (Eb +Ea> (84

This form is in agreement with [2], again with the caveat that the electric charge appears in 5. We also
explicitly verify that

60'-[1'611 = B‘SJM

= B‘SMCasimir, (85)

which is expected, given the result in (76). The first law can then be written aﬂ

dM = dMy + dMcasimir = 0 Mcasimir + 1dS + QqdJ, + QpdJy, + ©dQ. (86)

We have already seen that the first term on the left-hand side equals the sum of all but the first term
on the right-hand side. The Casimir energy is only a function of a and b and does not depend on 7 or g.
The term dMcasimir 1S hence just the variation of the Casimir energy with respect to a and b. Using (85

this term can be calculated from

O Mcasimir = /871 d4$\/ —hAdo. (87)
[0,8]x53

TRecall that M = Mo + Mse = Mo + Mcasimir-
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6.2 Extended Thermodynamics and Volume Calculation

Allowing the cosmological constant to vary leads to another treatment called extended thermodynamics [16,
17]. In this treatment we are adding another pair of thermal quantities, namely the pressure, P = 3¢ /4,

and its conjugate thermodynamic volume

V:<6M

oM . (889)
opP >S,Q,Ja,Jb

This pair is supposed to obey Smarr’s relation (28) as in [17], but it is straightforward to check that the
volume in (88]) does not satisfy this relation. In this section we analyze the reason behind this contradiction
and show how it can be fixed. We are unaware of any similar attempts to address this issue for this or any
other black hole solutions in the literature.

The relation in (88) can equivalently be written as

V

_ 99 <8M (89)

~ 9P\ g >S,Q,Ja7Jb'

It is easy to see that the last term on the RHS induces a variation in the boundary metric analogous to
variations with respect to a and b in §6.11 We thus need to add a compensating term to the thermodynamic
volume to account for this variation. Let us go back to the metric in ([80). We now switch to a new
coordinate system (¢, 7,6",¢",¢"), where
tan® 0 = <1 + 55(1 - @) tan?0”, ¢ =¢" —a’tég, o =" — b*tdg. (90)

Za =b

We emphasize that the variations of =, and =j are now with respect to g, and the rotation parameters
a and b are kept fixed throughout this subsection. With this in mind, it is easy to see that the variation

of the metric follows the form

— —

0=, _ 0= _
ds%a — (1 - sin®f — =2 cos? 9) ds%. (91)

— —
— —
“q =p

Let us denote the Weyl factor in this section by §6. We define an effective thermodynamic volume V/

that takes care of the extra terms in the mass that arise from the transformation (@II) by

_ [(OM O(65M)
V= (—) + = (92)
OP ) g0y OP

This is a generalized definition of the volume that reduces to the usual definition in (B0) and (88]) in the

absence of a conformal anomaly and still satisfies Smarr’s formula in the presence of the latter. Furthermore,

21



this definition satisfies Smarr’s formula even if we use the ADM [19] or the Kounterterms method [26].
These two techniques give the mass expression in (I9), resulting in the last term on the RHS vanishing.
Expression (02)) will hence give the same quantity in ([B0), which we have already verified that it satisfies
Smarr’s formula if the mass is given by (9.

In AdSs, it is straightforward to verify that transformation (@I]) leads to a variation of the mass given

by

6&M = /Bilfsélren

=57t dizv/—hAds
[0,8]x53
_ s 5Ea(Ea - Eb)(Ea + Eb) B 5Eb(Ea - Eb)(Ea + Eb)
969°G Ea2Ep EqZp?
T = =p
= ——0(=—+=. 93
969°C (Eb +Ea> (93)

The first line is just eq. (83]), and we used relation (85]) to arrive at the second line. We now calculate
the volume in (@2)) for our solution:
2 [—992 (a2 + b2) +g (a + 7a’b® + b) + 9]

V=V - L : 94
0 729242 (94)

It is straightforward to show that the expression in (04)) satisfies Smarr’s formula with the mass calcu-

lated via the counterterms method,

M= g (TS + Qo+ Q) + BQ — PV (95)

Alternatively, one can define the thermodynamic volume by (88]) and add a compensating term to

Smarr’s formula,

M:;(TS+QGJQ+Qbe)+q>Q—(PV—l—Pa((;(;PM))_ (96)

6.3 The First Law in Extended Thermodynamics

We discuss here the first law in extended thermodynamics for the general black hole in five dimensions. In

extended thermodynamics, the mass/energy M is nothing but the enthalpy

H=U+PV. (97)
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The internal energy is thus found from

U=M-—PV. (98)

With this, the first law in terms of U can be written as

dU = TdS + > QdJ; + ®dQ — PdV. (99)
It is easy to show that

ou oS 0J; oQ ov
—=T— Q; ) - P ,
ory ory * Z ory * ory ory

ou 8J Q ov

— = T— - P—,

9q - q 9q

ou 8J BQ ov

— — —P—. 1
Bg - 8g 0g (100)

When we vary with respect to ¢ = a,b we find

a_U_T_ ZQ&] 0Q L0V , OMpc.

q>— —P— 101
dc * oc oc (101)
Egs. (I00) and (I0T]) can be combined in the form

dU =TdS + > QidJ; + ®dQ — PdV + 6, Mz, (102)

%
where the variation J, is understood to be w.r.t. to @ and b but not g.
This completes our investigation of the extended thermodynamics of the general charged rotating black

hole in five dimensions where we saw that Smarr’s relation as well as the first law are satisfied using the

counterterms method.

7 Conclusion

We used the counterterms subtraction method to calculate various physical quantities of the charged
rotating black holes in AdSs introduced in [1]. We showed that the resulting quantities satisfy the known
thermodynamic relations in the cases of a varying and fixed cosmological constant, i.e., in extended and

regular thermodynamics. All these quantities satisfy the Gibbs-Duhem relation, the first law, and Smarr’s

relation.

23



Quantum corrections break conformal symmetries in four-dimensional field theories, producing confor-
mal anomalies. This classical symmetry on the boundary is realized as a subset of the bulk diffeomorphisms
which is called the Penrose-Brown-Hennaux (PBH) transformation [14, [15]. For boundary field theories
with a non-vanishing conformal anomaly, a PBH transformation will not leave the gravitational on-shell
action invariant. As was generally argued in [2], this variation affects only the mass, but not the other
quantities in the first law. This is because these other quantities can be written as integrals over the
horizon.

We showed that the mass calculated from the counterterms method can be written as a sum of two
terms, one containing the mass parameter and electric charge, and another which is nothing but the
background energy of the spacetime. The background energy is not restricted to the black hole region and
its flux depends on the boundary. An important boundary condition for the AdS/CFT correspondence
(or for the variation problem in [2]) is to keep the boundary metric fixed by utilizing a PBH or boundary
Weyl transformation. As a result, one can use a Weyl transformation to cancel the variation in the mass
term that results from varying the boundary metric. This leaves the first law satisfied.

In this work we used the counterterms subtraction method to calculate the renormalized on-shell action
for the general rotating charged AdS solution presented in [1], as well as its mass and angular momenta.
We showed that these quantities satisfy the first law and the Gibbs-Duhem relation. Going to extended
thermodynamics [16, [17] where we allow the cosmological constant to vary and act as a pressure, a naive
calculation of first law shows that it is not satisfied. We showed that a similar issue exists with the volume
defined in the extended-thermodynamics treatment [16,17], meaning varying this quantity does not leave
the boundary metric fixed and one needs to use a compensating PBH term to keep the volume fixed. This
modification is important to satisfy the first law in this case as well as the generalized Smarr’s formula
when the counterterms subtraction method is used in the presence of a conformal anomaly.

We calculated the renormalized stress tensor and conformal anomaly of the CFT living on the boundary
as predicted by the AdS/CFT duality, i.e., from the gravity side. We showed that these quantities coincide
with the quantities calculated on the field theory side on a rotating Einstein Universe. Furthermore, we
calculated the Casimir energy in the CFT and verified that it exactly matches the background energy of
the bulk theory.

Finally, we showed that the calculation of the thermodynamic volume induces a Weyl transformation
on the boundary metric, which adds extra terms to the calculated expression. We have generalized the
definition of the thermodynamic volume in a way that accounts for these extra terms in the presence of a
conformal anomaly. We have shown that our definition leads to a volume term that satisfies Smarr’s relation

as well as the first law in extended thermodynamics when the counterterms method is used. It would be
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interesting to use the quantities calculated here to study various phase transitions for the five-dimensional

charged rotating solution [1], which are expected to have a rich structure.
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