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Abstract

In this thesis, gravitational instability of self-gravitating systems was studied using
Jeans analysis, by coupling the collisionless Boltzmann equation with the weak-field,
non-relativistic limit of GR and f(R). By studying how a system in equilibrium re-
sponds to perturbations in its density, Jeans analysis allows us to determine the
conditions under which these disturbances grow exponentially, rendering the system
gravitationally unstable and subject to collapse. First, the standard results of the
response of self-gravitating and non-self gravitating fluids to perturbations in their
densities is reviewed. For non-self gravitating fluids density perturbations oscillate
throughout the system, whereas, for self-gravitating fluids in the Newtonian limit
of GR, the arising dispersion relation exhibits a critical limit, defined by the Jeans
wavenumber k;, below which the perturbations exponentially grow, and the system
becomes unstable. Then, the dispersion relation that arises for stellar systems de-
scribed by a Maxwell Boltzmann distribution is analysed in the Newtonian limit of
GR, in response to small perturbations in their densities. For one-component stellar
systems, composed entirely of baryonic matter, the instability limit is defined by the
critical Jeans mass M, which if exceeded the system is unstable and subject to col-
lapse upon its own gravitation. The work of [42] in two-component stellar systems,
composed of dark and baryonic matter is revisited. Particularly, for the mass density
and velocity dispersion ratios between dark and baryonic matter given by Pi _ 55

Po
and 24 = 1.83, first the result of [42] is reproduced, in which the two-component

Oy
system seems to lower the limit of instability in comparison with the a dark matter
dominated system such that the new Jeans mass Mgy, ~ 0.58M%. Then this re-
sult is extended by comparing the two-component system to a system dominated by

baryonic matter, in which case, the instability limit appears to be raised such that

Mgy = 1.5M. Lastly, the work of [5, 18, 68] in analysing the dispersion relations



v
for one-component stellar systems in f(R) is revisited, and then it is extend to two-
components. It is shown that f(R) appears to lower the limit of instability in both

cases, lowering the critical mass required to initiate the exponential growth in the

perturbations.
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Chapter 1

Introduction

According to our modern understanding of nature, there are four fundamental forces:
electromagnetic, strong, weak, and gravitational. The quest to describe gravitational
phenomena began in 1687 by Newton’s theory of gravitation. Newtonian gravity
was accepted until Einstein proposed his theory of General Relativity (GR) in 1915
to describe gravity. Since then, GR has been remarkably successful. It explained
the perihelion of Mercury, and produced several predictions, such as the deflection of
light, gravitational redshift, and gravitational waves, all of which have been confirmed
by experiments, with higher and higher accuracy throughout the years. The current
cosmological model which is used to describe the Universe, is referred to as the ACDM
model, and it uses GR as the fundamental theory of gravity, Dark Energy (DE)
represented by the cosmological constant A, Cold Dark Matter (CDM), and the theory
of inflation. The ACDM model has successfully explained the large scale structure
of the Universe, the Cosmic Microwave Background, and the accelerated expansion
of the Universe. However, despite these remarkable successes, and the fact that GR
has passed many tests, there are some hints indicating that it might not be the whole
story. First and foremost is the fact that DE and DM are of unknown nature, and
have not been directly observed yet. Furthermore, there is the cosmological constant
problem, and the fact that the origin of inflation is not well understood. Thus, rather
than keep GR as the fundamental theory of gravity, which requires the addition of
exotic matter such as DE, one alternative is to try to describe the behaviours of DE
and DM as a consequence of additional correction terms coming from a modified
theory of gravity beyond GR [23].

Starting with a local gravitational action, in four dimensional spacetime, where
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this action is made up of the metric g, and its derivatives up to second-order, the only
possible equations of motion that can be obtained are the Einstein field equations.
This is known as Lovelock’s theorem [47, 48]. Consequently, in order to modify GR
one must either: introduce new degrees of freedom other than the metric tensor,
consider a theory with higher than second-order derivatives of the metric, consider a
spacetime with dimensionality higher than four, or consider a non-local Lagrangian.
These alternatives can be used to classify the various modified theories of gravity. In
this work, the modification that has been studied is one that considers higher order-
derivatives: it is the f(R) theory of gravity. Specifically, the gravitational instability
of homogenous, collisionless self-gravitating stellar systems has been analysed in the
Newtonian limit of f(R) using Jeans instability analysis.

Jeans analysis is a method that allows us to determine the gravitational stability
of a system. What is meant by gravitational stability, is how a self-gravitating system
in equilibrium responds to a disturbance due to a perturbation in its density. Such
perturbations can either be suppressed by the system, and die out, in which case
the system will remain stable. Otherwise, due to the attractive nature of gravity,
the perturbations will give rise to additional gravitational forces, which will in turn
amplify the perturbations driving the system away from equilibrium, in which case
the system is now unstable. This gravitational instability leads to the collapse of
self-gravitating systems, which is the underlying process in structure formation. For
example, the collapse of interstellar components leads to the formation of stars, and
the collapse of intergalactic medium, leads to the formation of galaxies. Since the
onset of this collapse is governed by gravitation, it is expected to vary in a modified
theory of gravity.

How Jeans instability conditions vary in modified theories of gravity has been
investigated in Eddington-inspired Born-Infield gravity by [26], in MOdified Gravity
(MOG) by [57], and in f(R) gravity by [5, 18, 68].
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In this thesis Jeans instability of collisionless self-gravitating systems is analysed:

e The work of [18] in which they describe the collapse of collisionless self-gravitating
systems in Newtonian limit of f(R) for one-component neutral dust-particle sys-

tems is revisited.

e The work of [42] which describes the dynamics of two-component self-gravitating
systems composed of dark and baryonic matter in the Newtonian limit of GR
is as well revisited, then extended. First the result that was shown in the work
of [42], in which two-component systems are compared with respect to a dark
matter dominated system is revisited. Then, this result is extended by studying
the effect of normalising the dispersion relation with respect to baryonic matter

and the combined system.

e The two-component system composed of dark and baryonic matter analysed in

[42] in the Newtonian limit of GR, is extended to f(R).

Although the systems studied in here are idealised systems, studying them is
still important for several reasons. To understand more realistic systems one must
understand the simplest case first. Moreover, they serve as limiting cases for more
complicated situations. Furthermore, considering dark matter in modified gravity
models might be of interest due to the current tension in the ACDM model [16].

This thesis is organised as follows: in Chapter (2), Newtonian gravity, the theory
of General Relativity are described and their shortcomings. Chapter (3), the GR
and f(R) field equations are derived from an action principle, along with their weak-
field non-relativistic limits. Chapter (5), the critical Jeans quantities that determine
the gravitational stability of fluids (self-gravitating and non-self-gravitating®), stellar

systems (one-component and two-components), are worked out. Chapter (6), the

*using the terminology of [56] Chapter 12, first paragraph.
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analysis is repeated for one and two-component stellar systems for f(R). Finally,

Chapter (7), is the summary and conclusion of this work.



Chapter 2

General Relativity & Beyond

2.1 Theories of Gravity

2.1.1 Newtonian Gravity

In 1687 Isaac Newton introduced the idea that any two point masses M and m
separated by a distance r, exert an equal and opposite attractive force on one another
given by:

mM
r2

F(r) = —Gy——+ (2.1)

2

where Gy ~ 6.67 x 107
kg?

is the gravitational constant. If the mass M is
assumed to be at the origin, and 7 is in the radial direction, then the negative sign
indicates that the force is radially inward: i.e. attractive. Equation (2.1) is known
as Newton’s law of gravitation. Later on, this force law was used to describe gravity
as a field: where a field equation is used to determine the gravitational field ® due
to the presence of source masses, and then the force law is used to describe how the
motion of a particle is affected by this field. A particle’s acceleration is related to the
force exerted on it by Newton’s second law F = ma. This holds for any force, and in
the case of a gravitational force is given by F = —mﬁ@, where ® is the gravitational

potential, which can be obtained by solving Newton’s field equation:

V20 = 4G yp (2.2)

where p is the mass density: the source of the gravitational field. Equation (2.2) is

the Newtonian Poisson equation. This formulation is known as the Newtonian theory
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of gravity.

In order to derive Newton’s field equation (2.2) the gravitational field g(r) due to
the source M as the force per unit mass m is defined such that:

F M
P g M (2.3)

g(r
g(r) - 3

Then applying Gauss’s theorem to g(r) gives:

V-§=—4nGyp (2.4)

Since the gravitational force is conservative, it can be written as negative the

gradient of a scalar potential energy F=-VU , thus the potential energy U is :

mM

U= —/ﬁ AP = —Gy—— (2.5)
r
- _ . L VU
Therefore, the gravitational field g(r) can be written as g(r) = —— = =V &,
m

plugging this into Gauss’s law (2.4) gives (2.2).
So given a mass distribution p, by solving (2.2), the potential ® can be found and
from that potential, the particle’s equation of motion:
d*r -
eh -Vo (2.6)
Newton’s theory of gravity succeeded in predicting the trajectories of every day
objects and planetary orbits. Thus, astronomers were able to predict the orbits of
planets, and indeed their predictions were confirmed by observations. The only obser-
vation it did not match was the precession of the perihelion of mercury. Astronomers
observed that when Mercury reaches its perihelion (the point of closest approach to
the Sun), it precesses. What is meant by a precession, is that the point of closest

approach shifts after every period.



CHAPTER 2. GENERAL RELATIVITY & BEYOND 7

The precession of mercury was assumed to be the result of the gravitational pull of
other planets, and by calculating these effects a precession was indeed predicted, how-
ever the value of the precession did not match the observation made by astronomers:
the predicted value was smaller than the observed one. This led astronomers to
assume the presence of an unobserved planet [22].

Another problem with Newtonian gravity was its action at a distance nature:
the gravitational force as described by Equation (2.1) is transmitted instantaneously.
This violated Einstein’s theory of Special Relativity (SR) which he introduced in 1905
27].

Before SR, time was thought of as an absolute quantity; observers moving relative
to one another while recording the space interval between the same two events might
have found discrepancies in their measurements of distance, but their clocks were
assumed to still tick at the same rate. So the measured time interval was assumed to
be the same. These events are described in a 3D Euclidean space. The mathematical
structure used to describe space is called a manifold.

However, according to SR, time is also a relative quantity like space; two observers
moving with a relative speed could record different time intervals between the same
two events. Their clocks do not tick at the same rate. Thus accordingly, the more
appropriate manifold to describe events is not 3D Euclidean space, but rather a 4D
spacetime where events are labelled by (ct,z,y, z), where ¢ is the speed of light.

One of the postulates of SR is that the speed of light is constant in all inertial
frames and cannot be exceeded. So the fact that gravitational force as described by
Newton’s laws is transmitted instantaneously meant that Newtonian gravity violated
SR: it is a non-relativistic theory. Hence Einstein was motivated to develop a theory

of gravity compatible with SR; General Relativity.
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2.1.2 General Relativity
Equivalence Principle

One of the most interesting facts about gravity is that objects with different masses
in a gravitational field will all experience the same acceleration in vacuum. This is
mainly due to the equivalence of two quantities: inertial mass m; and gravitational

mass m,. Inertial mass is the mass that appears in Newton’s second law of motion.

F =ma (2.7)

Inertial mass is the property of an object that determines its acceleration in re-
sponse to a force. Gravitational mass is analogous with the electrical charge, it is
sometimes referred to as gravitational charge. This is the one that appears in New-

ton’s gravitational law:

mg M
2

F=—-Gy P (2.8)

It has been empirically shown to a high degree of accuracy (first by Galileo, then
by Eotvos, and later by others) that m; = m, [60]. So by equating (2.7) and (2.8)

and using the fact that m; = m, gives:

M
mid = —G
.
) u o (2.9)
a = —GN—2 = —V(I)
T

Due to the equivalence of m; and m,, the acceleration of an object in a gravita-
tional field is independent of its mass, material and composition, hence, all objects
in a gravitational field fall in the same way.

This simple, already known fact, is what Einstein later termed the “happiest
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thought of my life” [54], and it is the one that led him to the Equivalence Principle
(EP), which states that a freely falling frame in a gravitational field is equivalent to
an inertial frame without gravity.

This can be further explained by the following example: If an observer is standing
inside a stationary space ship in outer space, and he/she drops an object, since there
is no gravity and this is an inertial frame, the object will just float. This behaviour
can be replicated in a gravitational field if the space ship is now freely falling towards
the Earth. Since the space ship is freely falling it will be moving with an acceleration
d = ¢, but since all objects fall with the same acceleration, the observer and everything
inside the space ship will also be falling at @ = §. So when the observer repeats the
experiment by releasing the object, the object will appear to float, just like it did in
the absence of gravity.

Another way to state the EP is that physics in a non-accelerating frame in a
gravitational field g is equivalent to physics in a frame without gravity but accelerating
with @ = —g¢.

So if an observer is standing inside a stationary space ship on the surface of the
Earth, and he/she drops an object, then the object will accelerate towards the floor
of the space ship due to the effect of gravity at @ = ¢g. Now if this space ship is
in outer space where there is no gravity however the space ship is now accelerating
upwards at @ = —¢, and the observer repeats the same experiment by dropping an
object. Since there is no gravity the dropped object will stand still, however the floor
of the space ship along with the observer are both moving upwards @ = —¢ and so it
will appear to him/her as if the object is falling, just like it did in the gravitational
field on the surface of the Earth.

One of the consequences of EP is the bending of light: light travelling in a gravita-
tional field bends towards the gravitating mass. Another effect that can be deduced

from the EP is gravitational time dilation; a light ray emitted at a gravitating source
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will be measured to be red shifted by an observer away from the source.

The motivation to find a theory of gravity consistent with SR, along with the
fact that an accelerating frame can reproduce the effects of gravity, and finally, the
consequences of the EP, all led Einstein to the belief that gravity is not really a
force, but rather a geometric property of spacetime; namely a manifestation of the
curvature of spacetime. In other words Einstein suggested that spacetime is not just
a flat, static background in which events take place, but rather a dynamic manifold
which can be curved by masses. This curvature is what is perceived as gravity.

The nature of the curvature of a surface, whether it is flat or curved, is referred
to as the geometry of the surface. The mathematical way of describing the geometry

is through the metric.

The Metric

A metric equation is an equation which describes the relation between distances on the
surface and coordinates. In a 2D Euclidean space the relation between an infinitesimal

distance ds and the Cartesian coordinates (x,y) is given by:

ds* = da* + dy? (2.10)

In a more generalised notation (dx, dy) can be replaced by (dx!, dz?) and so Equa-

tion (2.10) can be written as:

ds® = 5ijd:vidxj
= Ondetdet + yodatda? + SordaPda’ + Sgoda®da® (2.11)

= (dz')? + (da?)?

where in the first line of (2.11) the Einstein summation convention is implied.
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Usually the latin indices ¢, j will be used when dealing with 3 spatial dimensions
or less, and the greek indices p, v for 4 dimensions. In 4 dimensions indices run from
0 to 3.

Writing the metric equation in the form described by (2.11) comes under what
is called a tensor equation. The reason that makes expressing equations in tensor
form preferable, is that tensors are objects that allow us to write equations that are
coordinate invariant, and it is our aim to express physics in a form that is independent
of the choice of coordinates. For example the geometry of a surface, whether it is flat
or curved, should not depend on the coordinate system that was used to express it.

A tensor can be described using components. A scalar is a tensor with no indices,
and is called a zero-rank tensor. A vector is a tensor with one index, and is called
a 1%%-rank tensor. A tensor with 2 indices is a 2"%-rank tensor. This means that the
term dx’ refers to the i-th component of the vector dz, and the term ¢;; refers to
the component (i,7) of the tensor 6. However, sometimes the term that refers to a
component (d;;) will be used in order to talk about the tensor, it will be clear from
the context.

If a tensor has all its indices lowered T;;, it is called covariant, as opposed to a
tensor with upper indices T, which is referred to as contravariant. Some tensors
have mixed indices 7" ;- The difference between lower and upper indices is how the
components associated with these indices transform from one coordinate system to
another.

The definition of a tensor is that it is an object whose components transform from

a coordinate system (fi1, ..., fin, V1, ...., V) to another system (py, ..., pl, v}, ..., V),)

sV

according to the following equation [20]:

! /
Iz Jz vi v
1 okn — ! K155 fbn
Y Ox*r QJxtn Ox™  Ox
T o = e — T Yeom (2.12)
199Vn aajul 81»“” 8xljl aajl/n ERES)

Equation (2.11) describes the metric equation for a 2D Euclidean space in cartesian
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coordinates. (2.11) can be generalised for any space by replacing the kronecker delta
with a general metric tensor g,, and allowing p and v to run over the dimensions of

the space.

ds* = g, dz"dz” (2.13)

S0 g, 1s the metric tensor that carries the information that describes the geometry

of the space. For a 4D spacetime as described by SR in cartesian coordinates (ct, z,
y, z) the metric equation is given by:

ds* = n,datde’ = —c2dt* + da? + dy* + d2* 2.14
i

where the metric 7, in matrix notation is given by

-1 0 0 0
0O +1 0 O
Nuw = (2.15)
0O 0 +1 0
0O 0 0 +1

The fact that 7, in (2.15) does not have any space dependencies, i.e. it is constant
everywhere, reflects the fact that the 4D space is flat. 7, as described by (2.15) is

called the flat-space or the Minkowski space metric. Another way to write 7, is:

Nuv = (2.16)

Writing the Minkowski metric using (2.15) or (2.16) is a matter of convention,

both will lead to the same physics. This is called a signature, the signature used by
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[20] is the one that will be adopted in this thesis: (— + ++), expressed in Equation
(2.15). Furthermore, natural units where ¢ = 1 will be used.
The 4D Minkowski space can be parameterised in several ways, one such choice

is polar coordinates (ct, 1, 0, ¢) in that case the metric equation becomes:

ds? = g datdz”

= — dt? + dr® + r?2d6? + r*sin® 6d¢>

-1 0 0 0 dt (2.17)
0 1 0 0 dr
=[dt dr df dg]
0 0 r? 0 de
0 0 0 r%sin?é| |do

In this case the metric is no longer space independent; it is not constant every-
where. However, this is an artefact of the choice of coordinates, and it does not imply
that the space is no longer flat. By a change of coordinates (from polar to cartesian)
guv can be transformed into 7,

Any geometry for which there can be found a set of global coordinates that allow
us to write the metric as 7, is a flat geometry (such a set locally can always be
found). If the space was indeed curved, such global coordinates could not be found.
Curvature is an obstruction that prevents us from flattening a geometry. An example
of a surface that is indeed curved and cannot be flattened is a 2-sphere.

The theory of General Relativity (GR) states that particles do not always move in
a flat static background whose metric is 7, but rather that the presence of masses
(and energy) curves spacetime changing its metric into a more complicated g,,,, and

then particles follow the geodesics implied by this curvature.
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Geodesics

A geodesic is a curve in spacetime that extremises the distance between two events.
In Fuclidean space it is easy to see that this is simply a straight line. On the surface
of a 2-sphere the shortest possible distance is given by great circles. In the language
of tensors, geodesics are defined using the covariant derivative.

When dealing with a scalar f, taking the derivative of that scalar d,f, where
0, = g would indeed give a tensor i.e. under coordinate transformation d,, f follows
the tensor transformation law given by Equation (2.12). However, when dealing with
a vector VA (or any higher order rank tensor), the derivative of the vector: the
quantity 8,J/A does not transform as a tensor. So the way to take derivatives such
that the result is coordinate independent is to replace the normal derivative with the

covariant derivative V, which applied to a vector V* is given by:

V.V =0,V +T), V" (2.18)

The first term 9,V* is just the ordinary derivative, which represents the change
in the coordinates of the vector. The second term is the correction term that allows
the result to transform as a tensor, and it is given in terms of the Christoffel symbols
Fi‘w [20]. This term represents the change in the vector due to change in the basis.

The Christoffel symbols are given by:

1
Ff;y - EQAU (augua + 81/90# - aag,uy) (219)

An important feature of the Christoffel symbols is that they are symmetric in the
two lower indices: Ff\w = Fﬁu.

Looking at (2.18) and (2.19), it is clear that the difference between the ordinary
derivative and the covariant derivative is mainly due to the metric being space de-

pendent: curvature.
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Figure 5.5: Newtonian dispersion relation for self-gravitating stellar systems with
two components of matter scaled with respect to baryonic matter, compared with 1
component Baryonic

In Figure (5.5) the solid line shows the unstable solutions of the Newtonian dis-
persion relation in stellar systems with two species of matter, the dashed line shows
the solutions with one species of matter. The rst thing to note when looking at
Figure (5.5) is that the wavenumberk in Equation (5.76) has been scaled by the
Jeans wavenumber associated with a baryonic matter systeky, thus, one does not
expect the unstable solutions to the dispersion relation to exist only f&@ < 1, since
this limit has been modi ed (5.85). Consequently, by looking at (5.85), the new limit
of instability can be calculated, which is con rmed by the graptkf,;, — 2:64k3.

The second observation is that the solutions to the dispersion relation for two-
component system appeaabovethe solutions to the one-component system. Nor-
mally, this result would be interpreted as a lower limit of instability. What is meant by
a lower limit is that the same wavenumber is now associated with a higher frequency
I (higher than the one-component case), hence a system with a higher frequency,
which is more unstable since the angular frequency is associated with the exponential
growth of perturbations, should requirelessmass in order to become unstable, than
it would in a system with one species of matter. However, the dispersion relation is

now di erent, it is not a function of the Jeans wavenumber onlyt is now a function
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of the mass density and dispersion velocity ratios. Hence, it cannot be concluded
from the plotted solution shown in Figure (5.5), that the Jeans mass will decrease.
In fact, as was shown in Equation (5.87), the addition of dark matter, resulted in an
increased Jeans mass. However this was a result of the particular values of the ratios,
not necessarily a generic result.

Thus, by looking at the remaining normalisation, it will be shown whether the
fact that the shift in the dispersion relation plot no longer directly indicates the
corresponding change in the Jeans mass, is associated with the normalisation that

was used or with the nature of the two-component dispersion relation in general.

Normalising with respect to the combined system:

Now, the two-component dispersion relation (5.76) will be normalised with respect

to the combined system of two species of matter:

k2 w?
=G e Y0 g G
@t Ky Tyt AmEpa (5.89)
ArGpg 47erb '
here k%, , = — < k2 -
whnere (d)J 0_3 s (b 0_2
Thus, the dispersion relation (5.76) in terms of kg and wg, is given by:
1 Wa (Rb%)Q ]
k2 = ——— |1 — /7R, V2kqp 1 —erf| Ry
@ 1—1—’;—‘1%5[ \/_kdb \/_kdb

e (5.90)

1 wdb (RdM)2 1
+— 1-— \/_Rd V2ka, 1 —erf Rd
1+p—gd [ Vaka \/_kdb

where,

(5.91)
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If wy is set to w; = 0, in accordance with the normalisation that was made in

(5.89), the expected limit of instability is obtained:

k(2db)J = k(2d)J + k(Qb)J (5.92)

The increased Jeans mass result calculated from (5.87) can be re-derived by di-
viding (5.92) by k(Qb) ;» and defining the two-component combined Jeans mass M qp) s

such that:

3/2
M)y _Patp k(2b)J
Kl T Koy

M, Pb
3/2
2
S T VL (5.93)
Pb pa/og + po/ oy

| 3/2
d b
P 1+ Py 0]

Plugging in the ratios (5.80) gives Mg ; ~ 1.51M .

Writing (5.90) in the form which is solved numerically, where x = k2,, and y =
Wap

V2ka,

, and plugging the ratios (5.80):

1 1
x = 15 35 (1—\/FRbye(Rby)2 (1—erf(Rby) ) ) +1W (1—ﬁRdye(Rdy)2 (1—erf(Rdy)>>
1.832 T 55
(5.94)
where,

[1+55 [ 14 L
Ry = 14 b5 Rq = 1 1.58§2 (5.95)
1.832 + 55

By solving (5.94) numerically and comparing it with a one-component baryonic

system, the plot shown in Figure (5.6) is obtained:
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Figure 5.6: The two-component dispersion relation normalised with respect to the
combined system and compared to one component baryonic

Figure (5.6) shows the dispersion relation for two-component system, scaled with
respect to the combined system, and compared with the dispersion relation for the
one-component system. The solutions to the two-component relation lie below those
of the one-component relation, which confirms the result derived earlier, that the effect
of adding two-components to the analysis, results in an increased Jeans mass in com-
parison with the one-component baryonic system. However, if this result is generic,
then by finding a particular combination of the mass density and velocity dispersion

ratios that make the two-component Jeans mass equal to the one-component one
M) s

J
one for the one-component baryonic curve.

= 1, then its corresponding dispersion relation plot should coincide with the

Since, the mass density ratio Pi _ 5.5 has been much more accurately confirmed
Po

by observations than the dispersion velocity ratio, hence the mass density ratio will

be fixed and Equation (5.93) will be solved for the dispersion velocity ratio given
M vy s

=1:
M;
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3/2
My ([ pa 1
— = | —+1 —_—
M, Pb 1+ P_d"_g
Py Oy

M
Plugging in il CCA 1, Pi _ 5.5
M, Pb
3/2 (5.96)
1
1= 65 ———=
1+55%
d
04 9.9
— =/ =——— ~1.49
Op 6.52/3 -1
Thus for mass density ratio P _ 5.5, and dispersion velocity 94 _ 149 the
Po Ob

Jeans mass of the two-component system is the same as that of the one-component
system. By plotting the solution to the dispersion relation (5.90) for these ratios and
comparing it to the one-component baryonic system this gives:

2
Wb M
1.0H —— 2Components @/ -

1
J
=== 1 Component

08}

0.6}

04}

2

1 0.2 0.4 0.6 0.8 To Fa

Figure 5.7: The two-component dispersion relation normalised with respect to the
combined system and compared to one component baryonic

Figure (5.7) shows the solution to the dispersion relation for the two-component
system for a particular set of ratios that make the two-component Jeans mass equal to
that of the one-component system, yet, the solutions did not coincide. This implies
that the dispersion relation plot for two component system cannot be used to infer

the changes that happened in the Jeans mass in the case when it is being compared
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to another system with a different number of components. This can understood by
looking at the equations associated with normalising the dispersion relation with
respect to baryonic matter. The change in the Jeans wavenumber and in the Jeans
mass, due to the introduction of the dark matter, were given by (5.85) and (5.87)

such that:

AkJ — @ =4/1+ @ﬁ
kg Py 03
3
My pat+py( ks
AM; = = 5.97
T My Pb Ew).s (5.97)

(2 (s)

By looking at Equations (5.97), it is clear that the two-component system, reduces

to the one-component baryonic system for mass density ratio Pd _ 0. Where, substi-

Pb
tuting Pi _ 0 in Equations (5.97) gives Ak; = AM; = 1. However, this is the not

the onl5bdegree of freedom affecting the dispersion relation, there is also the ratio of
dispersion velocities Z—Z, it is this extra degree of freedom that causes the dispersion
relation of the two-component system to not fully reduce to the one-component sys-
tem. As was shown in Equation (5.96), there is another combination of ratios where
% £ 0, that leads to AM; = 1, whereas Ak # 1.

It will be shown in the next chapter that the dispersion relation of a two-component
system in one regime of gravity can still be compared to another two-component dis-
persion relation in a different regime, as long as the change in the Jeans mass is due
solely to the change in the Jeans wavelength, it will be reflected faithfully in the
dispersion relation.

Now that Jeans instability has been analysed for the Newtonian limit of GR

for the collisionless self-gravitating system, the next chapter will cover the modified

description in f(R).
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Chapter 6

Jeans Instability in f(R)

6.1 Jeans analysis in f(R) for one-component sys-
tems:

In this Section the work of [5, 18, 68] will be revisited. In Section (5.2) it was shown
that the perturbed collisionless Boltzmann equation for a self-gravitating stellar sys-
tem in Fourier space is given by:

9fo

—iwf,+iv-kf, —i®d k- — =0 6.1
wa1+ZV fl 197 v ( )

where the subscript 1 denotes the perturbations. Rearranging the terms in the

above equation, an expression for the perturbations f; can be obtained:

— dk-%
fi= v k—w _aw (6.2)

In the standard Jeans analysis, ®; is found from the Newtonian Poisson equation.
Instead, the collisionless Boltzmann will now be coupled with the modified Poisson

relations for f(R) as given by (3.79).

6.1.1 Dispersion relation of Stellar System in f(R)

So for a self-gravitating stellar system that has been subjected to a perturbation such

that:
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f(r,v,t) = fo(v) +efi(r,v,1)
D(r,t) = By + edi(r,1) (6.3)
U(r,t) = Yo+ eVy(r,t)
The perturbed f(R) Poisson equations (3.79) in Fourier space are given by:
—]{52 (61 +$1> + 201]434 (61 — @1) = 167TG/?1 dv
(6.4)

2 (61 _ E) — 30kt (61 _ E) __ SWG/?I dv

By combining the two lines in (6.4), a relation between ¥ and ®; can be obtained:

— (34 40k?)—
J, — TR )E .
YT (14 4ak?) ! (6.5)
Substituting (6.5) into the first line of (6.4):
— (1 + 4ak?) /
Q) = ————"—FAm d .
= G [ Tiav (6.6

Then by using (6.2) to eliminate f, in (6.6) this gives the dispersion relation:

(1 + 4ak?) / k- o
pp L) o S gv—o 6.7
TRt ) vk—a (6.7)

Setting k = (k,0,0), and plugging in the Maxwell-Boltzmann distribution (5.36):

1—

1 4 dak? _2%%2
2v21Gpy (1 + 4ak?) /vxk‘e dv, — 0 (6.8)

o3 k2(1+3ak?) ) (v.k—w)

By defining the variables g = k;i’ r= U—z, Equation (6.8) can be rewritten as:
o o

k% (1 + 4ak?) re 2
— = 6.9
k2 (1+ 30k?) \/g/ dr=0 (6.9)

1—

It has already been shown in (5.56) that the integral in (6.9) can be written in
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terms of the plasma dispersion function Z(3) (5.55), so using the same result (6.9) is

rewritten as:

where Z(8) = iy/me (1 + erf(iB)) (6.10)

. g%@%me—m(mrf(%))) ~o

6.1.2 Instability Condition

Since instability is being studied, w will be set to w = iwy:

K (1+4ak?) VT wr () ot e
k_g_m<1_ﬁge(f ) (1 f<\@w>)> (6.11)

Equation (6.11) is the f(R) dispersion relation for stellar systems, where if « is set

a = 0 the standard Newtonian dispersion relation (5.63) is recovered.
1
Using dimensional analysis, it is clear that o has dimensions of =k thus the

following rescaling definition can be used:

a— 1% (6.12)
J

so that now @ is just a number, and (6.11) becomes:

k2 B (1—{—46%) ﬁwl ( wr )2 wr

In order to find the modified Jean’s wavenumber k;, in terms of the standard

Jean’s wavenumber k; (5.31), wy is set to w; = 0. In this case the term between the

square brackets in (6.13) reduces to 1 and this gives:
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~ 2 ~
_( k3 _\ k3
3al 5| +(1—-4a)-53—-1=0 (6.14)
k5 k5

]%2
Solving this quadratic equation for k_g this gives:

k. da—1+vV16a® +4a+1
K2 6o

(6.15)

By taylor expanding the term under the square root and taking the limit as o — 0
(this is like the taylor expansion of v/1 + ), which allows us to ignore higher order

terms of @ this gives:

f2, a1 (14 3060+ da) + )

li =
350 k2 6a
7.2 - — —2

lim k5., :4a 14+ 14 2a+ 8« _1 (6.16)
a0 k2 6

i k2 4a—1-1-2a— 8a? 1

im = N
a0 k2 6o 3o

l~cJ+ tends to 1 as & goes to zero, this means that ]%J+ tends to the standard Jean’s
wavenumber. However, the k;_ solution diverges as @ goes to zero, so this solution
will be ignored.

Thus the modified Jean’s wavenumber is given by:

- 4o —1+V16a2 +4a + 1
kr = 6a

ky (6.17)

where perturbations with wavenumber smaller than k; cannot be sustained by a

self-gravitating system governed by f(R).

- 3
Using this wavenumber, the modified Jean’s mass can be defined as M; = p, 3" (7“]) ,

~ 2
where \; = T and M is the standard Jean’s mass given by (5.33):
J
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- 3/2
M, = ( a ) M, (6.18)

da —1+V16a? +4a + 1

Equation (6.18) describes how f(R) modifies the limit of instability for self-gravitating
systems by changing the jeans mass M ; through the parameter a. By looking at the
work of [5, 18, 68] whom also studied gravitational instability in f(R) using jeans
analysis, they all chose @ to be of order 1, however [18] whose analysis is very similar
to the one performed in this thesis, chose @ = —1, which has been assumed to be due
to difference in notations.

So by plugging in @ = +1 into (6.17), this gives the change in the limit of instability
in f(R) k; ~ 1.12k;; f(R) leads to a higher Jeans wavenumber than that of the
Newtonian limit of GR, thus the Jeans mass is expected to decrease.

Now in order to study the effect of the modification introduced by f(R), the dis-

persion relation (6.13) will be written in a form comparable to (5.64). Thus defining
2

. Wr
the same variables © = —, and y = 6.13) becomes:
z(1 + 3ax) 2
—— = =1- Y (1 — erf 1
Tt = L= VA (1 ary)) (619)

By solving (6.19) numerically, using @ = 1, the unstable solutions are shown in
Figure (6.1).

In Figure (6.1) the solid line represents the unstable solutions of the dispersion
relation for self-gravitating stellar systems in f(R), and the dashed line represents the
Newtonian case. By plugging @ = 1 into (6.17), this shows that the unstable solutions
are now defined for k? < 1.26k% . Figure (6.1) shows that the f(R) solutions to the
dispersion relation appear above the Newtonian solutions. This finding is inline with
that of [5, 18, 68], which is that f(R) lowers the limit of gravitational instability, such
that the critical mass at which a stellar system becomes unstable in f(R) M; is less

- 3/2
than that in the Newtonian case M, specifically M; = (ﬁ) My~ 0.TM;.
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Figure 6.1: f(R) dispersion relation for self-gravitating stellar systems

To further illustrate this result, the modified Jeans mass M of a group of Inter-

stellar Medium (ISM) components was calculated in the following subsection.

6.1.3 InterStellar Medium:

A galaxy is typically composed of stars, a black hole at the center, a dark halo
and clouds. These clouds are mostly made up of gas that is atomic and molecular
hydrogen, as well as various solid particles (dust). Such clouds of gas and dust are
referred to as the interstellar medium (ISM). It is these clouds that are the regions
of star formation. Once the cloud becomes dense enough (its mass exceeds its Jeans
mass) it starts to collapse upon its own gravitation, initiating the star formation
phase [12].

In Section (5.1), the critical quantities that determine a system’s Jeans wavenum-

ber, wavelength and mass were worked out:

_ \/47er0
o Y

kJ /\J:O'

where, py is the mass density and o? is the dispersion velocity. For an ISM

component these quantities are given by:
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Po = mpynp, o0 = o (6.21)
P

where:

m, = 1.673 x 10727 kg is the proton mass

n is the number of particles density

i is the mean molecular weight
J

kg = 1.381 x 107% Z is Boltzmann’s constant
m3

G =6.674 x 1071 To 2 is the gravitational constant
g.s

T is the temperature of the cloud.

Thus using these constants the critical quantities in (6.20) can be rewritten as:

3
47TGn 7rk;BT T 1 ( wkgT
k; = ——— | = .22

The critical quantities (k;, Ay, M;) have been calculated using (6.22) and the

modified Jeans mass M (6.18) for a range of ISM components in Table (6.1), where
the parameters (7, n, ;1) given in [18] have been used for (Bok Globules (BG), Diffuse
Molecular Clouds (DMC) and Diffuse Hydrogen Clouds (DHC)), and the rest of the
ISM component (Giant Molecular Clouds (GMC), Cold Neutral Medium (CNM),
Warm Neutral Medium (WNM), Warm Ionized Medium (WIM), HII Regions (HII

R), and Hot Intercloud (H IC)) parameters (T, n, 1) were obtained from [57]:



CHAPTER 6. JEANS INSTABILITY IN F(R) 120

Component T n 1 k. AJ M; M;
Name (K)  (10%m~3) (1/kpc) (kpc) (Mo) (Mo)
BG 10 102 2 25450 2.469x10~* 3.897 2.743
DMC 30 50 2 10390 6.048x10~* 28.64 20.16
GMC 10 1 2 2545 2.469%x 1073 38.97 27.43
DHC 50 5.0 1 1272 4.938x107% 779.4 548.6
CNM 80 0.3 2 492.8 12.75x 1073 1610 1133
WNM 8000  0.006 2 6.969 0.9016 1.138 x107 0.8013x107
WIM 8000  0.001 2 2.845 2.209 2.789 x107 1.962x10"
HII R 10* 0.001 2 2.545 2.469 3.897x107  2.743x107
HIC 10 4 x107° 2 5.089%x1072 123.5 1.949x10"  1.371x 10"

Table 6.1: Standard Jeans wavenumber and wavelength for different ISM components

where the standard Jeans wavenumber M; and the f(R) modified one M; are
both expressed in solar masses My. In the work of [18], they studied the effect of
modifying the limit of gravitational instability due to f(R) by calculating the standard
Jeans mass M ; and the modified Jeans mass M ;s for (Bok Globules, Diffuse Molecular
Clouds and Diffuse Hydrogen Clouds). However, owing to the fact that they used a
different definition for the dispersion velocity than that in Equation (6.21), therefore,
their values vary from the ones obtained here. The values obtained for the standard
Jeans wavelength \;, and Jeans mass M for all the ISM component listed in Table
(6.1), are in line with those of [57], with the exception of (Diffuse Molecular Clouds,
and Diffuse Hydrogen Clouds) which they did not consider.

The results shown in Table (6.1) confirm the behaviour shown in the Figure (6.1),
the mass needed to initiate collapse is smaller, which implies that structures form

earlier in a system described by f(R), than in Newtonian gravity.
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6.2 Jeans analysis in f(R) for Two-Component Stel-

lar Systems:

6.2.1 Governing Equations

Now, the effect of introducing f(R) in the two-component analysis will be considered.
For an infinite self-gravitating stellar system in equilibrium, composed of dark and

baryonic matter in f(R), the system is described by the set of equations:

ofi ofi

o —|—Vi'vfi—vq)‘avi =0
V@ + )+ 2aVi(® — U) = 16ﬂGZ/fidvi (6.23)
V(@ — W) — 3aVH(d — T) = —87rGZ/fidvi

where 7 is the index for the dark and baryonic matter, i = b, d.

6.2.2 Dispersion Relation of Two-Component Stellar Sys-
tems in f(R)

By perturbing the system such that:

file,v,t) = fio(vi) + efir(r, vi, 1)
O(r,t) = Py + ePy(r,t) (6.24)
U(r,t) = Wo+ ely(r, 1)
where the subscript 0 denotes the equilibrium system, and the subscript 1 denotes

the perturbations. Plugging the perturbed system equations into (6.23) gives:
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aéle +v; - Vi =V, - g{f =0
V(@) + Uy) 4 2aVi(P, — 1) = 167TGZ / fir dv; (6.25)
V(@ — Uy) — 3V (D, — U)) = — SWGZ/fﬂ dv;
Recasting (6.25) in Fourier space:
—iwfy +ivi-kf; —i®k- g{f =0
(B4 T) + 20k (T, - T,) = 1676 > / Fadv, (6.26)

K2 <6l - ) - 3ak4<<I>1 ) _— 87TGZ/fll dv,

Using (6.5) to eliminate ¥; and (5.70) to eliminate f,;, the second line of (6.26)

gives the dispersion relation:

asz
(1 + 406]{32 / v,
ArG | ———— =0 6.27
k2(1 4 3ak?) 3ak2 v - (6:27)

where the distribution functions for the system in equilibrium f;y are given by the
Maxwell Boltzmann distributions (5.72), thus plugging the equilibrium distributions

and imposing k = (k,0,0) the dispersion relation now reads:

Vg vy
1 4 k2 . 202 . 202
1 wg /—G<Pbo/udva+p_ﬁj/wdvm —0 (6.28)

k(1 + 3ak?) op ] vpk —w o5 ) Vik —w

Performing the change of variables z = b b = Vd =

= ) y Y = —
\/§Ub \/—kﬂb \/_Ud

and using the plasma dispersion function Z(3), the dispersion relation (6.28)

w
V2kay

can be rewritten as:
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(1+ 4ak2) b0 Pdo B
1 - mma (0—2(1 +BZ(B)) + 0—2(1 + aZ(a))> =0 (6.29)

where Z(B) = i/me % (1 + erf(iB)).

6.2.3 Instability Condition

Since instability is being studied, w = iwy, thus (6.29) becomes:

R A 43ek)  po |y VT wr (G5 (4 Z e -2 ) )| &
4G (1 +4ak?) o} V2 koy V2kay,
p_;l 1— ﬁﬂe(ﬂ%lod) 1 — erf ot |
o3 V2 koy V2kaoy

where the subscript 0 for the mass densities has been dropped. Equation (6.30)

(6.30)

describes the two-component dispersion relation in f(R), which can be compared to

the two-component relation in the Newtonian case (5.76).

In the one-component case in f(R), a was scaled by k% since it had dimensions of
1
72 Now, @ will be scaled with respect to the combined system such that:

(07

. S— (6.31)
Ky + kG
where
A Gpg A Gpy
ks = 0z kG = 7 (6.32)
d b

So using the scaling (6.31) and the same redefinition of variables as that in (5.89),

the dispersion relation in terms of the dimensionless quantities kg, and wg, now reads:
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o (1+3ak,) 1 Wb (Rb&)2 Wb ]
— = 1 —/7Ry——— V2kay, 1 —erf| Ry
P dakg) g4 Z_Z%g Voka V2kaq,
Ud -
+; | JrR, (Rd—j;‘;izb)Q | ext[ B,
1+ %Zd \/_k?db V2kas ) | |
b
(6.33)
where,
Ry, = R; = (6.34)

The limit of instability can now be obtained by setting wg, = 0 in (6.33), thus
a system composed of two species of matter in f(R) is unstable for wavelengths less

than l;:db( 7y such that:

4@—1+\/16a +4a+1

k2
db(J 6a

(K2 + Ky (6.35)

Since the dispersion relation (6.30) has been rescaled with respect to the combined
system, ]%?lb( gy Is in terms of combined Jeans wavenumber. In Section (5.3) it was
argued that comparing a two-component system to a one-component system produces
a dispersion relation plot that does not faithfully reflect the change in the Jeans
mass from one system to another. The following results will further confirm this
argument. Thus, by dividing Equation (6.35) by the Newtonian, one-component
Jeans wavenumber k(Qb) ; given by (5.31), for a system composed solely of baryonic

matter this gives:
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l%gb(J) doa — 1+ \/16@2 +4a+1 k?d)] + k(Qb)J
k:(Qb) 5 6ar k(Qb) 5

da — 1+ V16a® + 4a + 1 [ k{y.,

— = ot 1) (6.36)

_ da-1+V16a’ +4a+1 padh .
6 Py O3

Plugging into (6.36), the mass density and dispersion velocity ratios (5.80) and

. = 3++v21/ 5.5
a = 1, gives kg = \/ 5 <1 532 + 1) k; =~ 1.83k;: the Jeans wavenumber
in two-component f(R) has increased with respect to the one-component Newtonian
Jeans wavenumber. From the modified two-component Jeans wavenumber /;:(db) J, the

corresponding Jeans mass Mdb( 7y can be obtained in terms of the standard Jeans mass

MJi

. 3
Mauy — po+paf ki
My Pb

Eav(.1)

3/2
o Pd+1 6 1
Pb 4&—1+\/1652+4a+1%0_§+1
b Oy

where for @ = 1, and ratios (5.80) this gives: Mdb(J) ~ 1.07Mj: despite the fact

(6.37)

that when the Jeans wavenumber of two-component f(R) was compared to the one-
component Newtonian Jeans wavenumber it had increased significantly, the Jeans
mass 1s almost the same as the standard Jeans mass. However, as was mentioned in
Section (5.3) where the Newtonian two-component dispersion relation was studied,
this result is highly dependent on the mass density and velocity ratios, a different set
of ratios, would give a different result. For example, if the dispersion velocity was
chosen to be 2 rather than 1.83, this would give Mdb(J) ~ 1.25M;. In order to show
the dependency on the ratios of the modified two-component Jeans mass in f(R) as

M,
% is plotted

J

compared to the one-component Newtonian Jeans mass, the ratio
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as a density plot for mass density ratio range 0 < pd < 10 and velocity dispersion
Pb

o
ratio range 1.2 < 4 <92
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Figure 6.2: Density and contour plot of the ratio of the two-component Jeans mass
in f(R) to the one-component Jeans mass in Newtonian gravity

. . - ) . My
Looking at the density plot in Figure (6.2) which shows the ratio —— for

different mass density and dispersion velocity ratios, it can be seen that the Zhange
in the Jeans mass ranges from 0.4 to 1.4, whereas, when the two-component Jeans
mass Mg in the Newtonian case was compared to the one-component Jeans mass
M for different ratios in Figure (5.4), the change in the Jeans mass ranged from 0.6
to 2.0. This confirms the result that f(R) does indeed lower the limit of instability in
both the one-component and two-component systems. The amount of change in the
limit depends on the value of the f(R) parameter @ and in the case of two-component

systems, the mass density and dispersion velocity ratios.

Finally, the two-component dispersion relation in f(R) (6.33) will now be solved

Wdb

V2kap

(5.80), and @ = 1, Equation (6.33) can be rewriten such that:

numerically. So by defining the variables z = k3,, and y = and using the ratios

14
12
1.0
08
0.6
04



CHAPTER 6. JEANS INSTABILITY IN F(R) 127

:E(1+35:E) . 1 B (R y)Q _
i+ 1+ 55 (1 VT Ryyel™ (1 erf(Rby)>) 635)
1 2 '
+W (1 - \/ERdye(Rdy) <1 - erf(Rdy)>)

where

(6.39)

Solving Equation (6.38) numerically and comparing the result to the Newtonian

one-component system gives the plot shown in Figure (6.3):

wan®
—— 2 Component f(R)
- -~ 1 Component Newtonian

N L N i e gy
0.2 04 0.6 0.8 1.0 1.2

Figure 6.3: f(R) dispersion relation for self-gravitating stellar systems with two com-
ponents of matter compared to one component of matter Newtonian

The solid lines are the solutions in f(R), whereas the dashed lines show the New-
tonian case. Despite the fact that when the change in the Jeans mass in (6.37) was
calculated, it was found that the mass increased: Mdb( 7y ~ 1.07M};, yet when the dis-
persion relation was plotted and compared to the Newtonian one-component system,
the solutions for f(R) two-components appeared above the Newtonian limit, indicat-
ing a lower limit of stability, and a decreased mass. This confirms the earlier finding,
that comparing systems of different number of components through the dispersion
plot is not faithful.

Thus, instead of comparing the f(R) two-component system to the Newtonian
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one-component system, it will now be compared to the two-component Newtonian
limit of GR, where the Newtonian two-component Jeans wavenumber kgp) s is defined

by (5.92) and the f(R) two-component Jeans wavenumber /;:(db) 7 is defined by (6.35):

~ 3
Mayys _ po+ pa (kwb)J)

My s py + pd if(db)J

(6.40)

3/2
B 6o
4a —1+V16a2 +4a + 1
Which is the same result that was found when comparing the one-component f(R)
system to the one-component Newtonian limit of GR in Equation (6.18) shown in

Figure (6.1).
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Chapter 7

Summary and Conclusions

In this thesis, the instability of collisionless homogenous self-gravitating systems
was studied using Jean’s analysis in the Newtonian limit of GR and f(R) gravity,
where the effect of subjecting stellar systems in equilibrium to small perturbations
was considered with the aim of finding the critical limit at which these systems will be-
come unstable and subject to collapse upon their own gravitation. The perturbations
that were considered are density perturbations that can be described by plane-wave
solutions characterised by a wavenumber k£ and an angular frequency w. Jeans anal-
ysis allows one to find the dispersion relation relating k and w, and from this relation
the critical wavenumber k;, which defines the limit at which these density perturba-
tions start to grow exponentially rather than oscillate or die out, can be determined.
Using Jeans wavenumber £, the corresponding critical mass M is defined such that
if the system’s mass exceeds this limit it becomes gravitationally unstable. It is by
studying the change in the Jeans mass from one regime to another, that one can
determine, how the proposed modification has altered the limit of instability, in turn
modifying the initial conditions of structure formation.

In Chapter (5) by coupling the collisionless Boltzmann equation with the weak-
field, non-relativistic limit of GR the dispersion relation for self-gravitating and non-
self gravitating fluids, and one-component and two-component stellar systems, were
derived. In the one-component stellar system analysis, the wavenumber £ is nor-
malised by the Jeans wavenumber, and the angular frequency accordingly, in order
to study the unstable solutions of the dispersion relation. For the two-component
matter systems, composed of dark and baryonic matter, the effect of normalising the

wavenumber £ in the dispersion relation with respect to Jeans wavenumber of: bary-
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onic matter, dark matter and the combined system, was considered. Then, in order to
study the effect of introducing a new species of matter, the two-component dispersion
relation was compared to the one-component dispersion relation. When comparing
systems of the same number of components, it is enough to calculate the change in
the Jeans wavenumber, or to plot the associated dispersion relations, in order to see
whether the limit of instability has been lowered or raised. However, it was con-
cluded that when comparing two-component systems to one-component systems, it is
not enough to calculate the change in the Jeans wavenumber, or to visually inspect
the shift in the dispersion relation plot. Since the change in the Jeans mass, in this
case, is governed not only by the change in the Jeans wavenumber, but also by the
mass density and dispersion velocity ratios between the system matter components.

In Chapter (6) the collisionless Boltzmann equation was coupled with the weak-
field, non-relativistic limit of f(R) and the dispersion relation for one-component and
two-component stellar systems was derived. In the one-component stellar system the
modified Jeans mass M of several interstellar-medium components was calculated
and the result that f(R) lowers the limit of collapse by decreasing the Jeans mass was
confirmed. In the two-component stellar system, the modified limit of collapse due
to f(R) was obtained and compared to the two-component dispersion relation of GR,
which showed that f(R) lowers the limit of collapse for the two-component system as
well.

In this work several assumptions have been made, by changing these assumptions

it is possible to extend this work:

e In Equation (3.63), the metric was expanded around a Minkowsian background,
another alternative is to see the effect of expanding the metric around other

spaces [68].

e When expanding the metric, and all associated quantities, post-newtonian terms

up to second-order only were kept. To measure higher effects of modifying



CHAPTER 7. SUMMARY AND CONCLUSIONS 131

gravity, it possible to add higher-order terms [71].

e [t has been assumed that the particles in the self-gravitating system are col-
lisionless, this is represented by the zero term in the right-hand side of the

collisionless Boltzmann equation (5.34).

e [t has been assumed that the Universe is not expanding and the self-gravitating

system is not rotating.
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